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Chapter 1

Basic concepts and equations

1.1 Introduction
This chapter includes some standard definitions, concepts and derivation of some basic equations

for the analysis of fluid motion.

1.2 Definitions

Rotational flow
A flow in which the fluid particles have some angular velocity about their own angular axes,

while flowing is called rotational flow. For such flow

curlV # 0.

The presence of viscous forces means that the flow is rotational.
Irrotational flow

A flow which is not rotational. For this flow
curlV = 0.

Fluid mechanics

The branch of science which deals the behavior of fluids at rest and in motion .



Static equilibrium

A fluid body is said to be in static equilibrium if the sum of all forces acting on it is zero.

Fluid Statics

Fluid statics is that branch of fluid mechanics which deals the fluid at rest. In fluid statistics
the forces acting on the fluid are due to pressure and gravity only.

Fluid Dynamics

The branch of fluid mechanics which deals with the fluid in motion. Fluid dynamics can be
divided into two categories.

Hydrodynamics

In hydrodynamics there is virtually no density change, i.e. flow of liquid or gas at low speeds

Gas dynamics

In gas dynamics fluids undergo significant density changes.

Types of fluids

A fluid can be either a gas or a liquid. i.e. compressible or incompressible.

Compressible flow

Flow in which variation within a flow are not negligible, the flow is called compressible. The
most common example is flow of gases. For such flow the density changes.

Incompressible flow

Flow in which variation in density are negligible are termed as incompressible i.e. flow of
liquid may frequently be treated as incompressible.

Ideal fluid

Ideal fluid is defined as one in which viscosity is zero. Such fluid does not exist in reality.

Real fluid

The fluids for which viscosity is not zero.

1.3 Properties of fluids

Viscosity
It is the resistance to flow when it is subjected to a shear stress. It is the measure of the

internal friction that arises when there are velocity gradient with in the flow. Mathematically



shear stress

r= Velocity gradient”
It is also called the coefficient of viscosity, the absolute viscosity, the dynamic viscosity or simply
viscosity.
Kinematic viscosity
The ratio of absolute viscosity i to density p , often arises .This ratio is called the kinematic
viscosity and is given by
_H
v==.
p
Density

The density p is defined as the mass per unit volume. Mathematically
_m
p - VI'
in which m is the mass and V7 is the volume.

1.3.1 Newtonian and Non-Newtonian fluids

Newtonian fluids
Fluids which obey the Newton’s law of viscosity are called Newtonian fluids. Newton’s law

of viscosity is given by

du
T=pu—,
where
7 = shear stress,
i = viscosity of fluid,
du
— = velocity gradient.
dy

Gases and most common liquids tend to be Newtonian fluids. Most common examples are

water, and mercury.



Non-Newtonian fluids
Fluids which do not obey the Newton’s law of viscosity i.e. shear stress is not directly
and linearly proportional to shear rate, are called non-Newtonian fluids. These fluids obey the

power-law model. Power-law model is defined as

du
T:T]diyv

where the apparent viscosity is

du n—1
=k — .
! (dy)

in which constant k is the consistency index and n is flow behavior index. When n = 1, the
above equation reduces to Newton’s law of viscosity with & = . Examples include ketchup,

chewing gum, shampoo, and mud.

1.3.2 A comparison of Newtonian and Non Newtonian fluids

The theory of non-Newtonain fluids based on the continuum hypothesis that a fluid particle
may be regarded as continuous in structure. Non-Newtonian fluid are classified on the basis of
their behavior in shear. Fluids for which shear stress is directly and linearly proportional to
the deformation rate are Newtonian. In contrast to the definition of Newtonian fluid one can
define non-Newtonian fluid as a fluid that exhibits non linear relationship between the shear
stress and deformation rate. Non-Newtonian fluids are often divided into three broad groups,
time dependent, time independent, and viscoelastic respectively. Exact analytic solutions for a
Newtonain fluid are a few in number. These even become rare if constitutive equations for non-
Newtonian fluids have been taken into account. One particular class of non-Newtonian fluids
for which one can reasonably hope to obtain analytic solution is second grade fluid model. In
this dissertation, we will consider this model.

Force

An agent which changes or tend to change the state of rest or motion of a body.

Body force

Force which is developed without physical contact and distributed over the volume of the



fluid are known as the body forces. The gravitational and electromagnetic forces are examples
of body forces.

Surface force

These are the forces acting on the boundaries of a medium through direct contact. i.e.
surface tension.

Inertial force

If several forces act on a particle of mass m and produce an acceleration a. Then by Newton’s

law

F—ma=0,

in which —ma is called the inertial force. Examples are the Coriolis force and the centrifugal
force that appears in rotating coordinate system.

Coriolis force

The Coriolis force is the inertial force associated with a change of a tangential component
of a particles, velocity. It is also define as a fictitious force exerted on a body when it moves in
a rotating frame of reference.

Centrifugal force

The centrifugal force is an outward-directed fictitious force exerted on a body when it moves
azimuthally in a non-inertial rotating frame of reference.

Magnetohydrodynamics

It is the subject that deals with the study of motion of fluid in the presence of magnetic
field. The fluid under consideration is known as magnetohydrodynamic fluid or simply M HD
fluid.

Electric field

Force acting on a unit charge is known as electric field i.e.

F

E——.
q0

The direction of F is the same as that of F.

Magnetic field



Magnetic field commonly denoted by B, are caused by currents or equivalently by the
movement of charges. Usually the space around a permanent magnet or current carrying
conductor is described as the location of the magnetic field. In particular the Maxwell equation
in the absence of electric field gives

V xB = pu.J,

where u, is the permeability of free space and J is the current density.

Current density

The quantity of charge passing through unit area of cross section of a conductor per second
is called current density. It is a vector quantity.

Permeability

The ratio of the magnetic induction in the substance to the magnetizing field is called
permeability.

Maxwell’s equations

The Maxwell’s equation are the set of four fundamental equations governing electromag-
netism, i.e. the behavior of electric and magnetic fields. They were first given by James Clerk

Maxwell. For the varying fields the differential form of these equation is given by

V- -E = ﬁ,
€o

OB

VXxE = ——

% ot’
V-B = 0,

E
VxB = ,U,eJ—i-Eo,U,eaat,

where E is the electric field, B is the magnetic field, J is the current density, €, is the permittivity
of free space and p, is the permeability of free space.
1.4 Basic Equations

The basic equations that enable us to predict fluid behavior are

1. Equation of continuity



2. Equation of motion
Equation of continuity
For a fluid region having no sources or sinks, the amount of fluid within the region is

conserved. Mathematically, we can write

0
div(pV) + 2L =0, (1.1)
ot
in which p is the density. For incompressible fluid, the density is invariable and hence one

obtains the following equation.

V-V=0 (1.2)

as continuity equation.
Equation of motion
In rotating frame the equation of motion is
av

p E—l—%ﬁ%xV—l—Q%x (Qk x r)| = pby + divT. (1.3)

In above equation V is the velocity vector, p is the density , €2 is the angular velocity, kis a

unit vector parallel to z-axis, by is the body force and r the radial coordinate given by

r? =a% + 92

The constitute equation for a second grade fluid is

T=—pl+ pAi+a1As+ ong%, (1.4)

in which p is the coefficient of viscosity, —p[ is the indeterminate spherical stress,
a1 and «agy are normal stress moduli satisfying p > 0, a1 > 0, ag + a2 = 0 [13]. The

kinematical tensors A; and A are defined through

A = (gradV) + (gradV)’,

dA
A, = dTl + Ay (gradV) + (gradV)T Ay,



where grad denotes the gradient operator and % indicate the material derivative. Inserting

Eq. (1.4) into Eq. (1.3) we have

dVv ~ ~ ~
P E +2Qk x V + Qk x (Qk‘ X I‘) = dw [—pI + ,LLAl + a1Ag + OéQA%] + pbl.

We seek the velocity field of the form

V = [u(z,t), v(z,t), w(z,t)],

and thus
—Qu
UxV=| Qu |, (1.5)
0
—Qa?
Ok x (Qk xr)= | —0u? |, (1.6)
0
o)
0 0 %
— — o)
L=gradV=10 0 % |,
o)
00 %
0 0 0
LT = (gradv)T = | o o |,
Ju QJv  Ow
0z 0z Oz
0
0 0 &
_ T _ 0
Ai=L+L"=| 0 e, (1.7)
Ju  dv  9ow
0z Oz 0z



0 0 gjgt + wg%‘
+5: 52
Ay = 0 0 gjgt + w%
+5¢ %Zf
gjgt + w% azat +w 2§zg)t + 2w+
s +§2%§ 452+ 2{(3 > +(52)%
BEONE = - .
| B8 @ u
Al = Sw Sur2 )
20u 0w 0u 0w (%) +(2&)
! +(52) ]
p 0 0
pl=10 p 0
0 0 p
Using above equations, the Eq. (1.4) for Cauchy stress becomes
Hot
—p+az(F)? G G +20594 %Y + oy 8zdt
+wa1a7§‘ +ay gedu
Hot
ap Qe gy —p+ az(9L)? +2002 32 9+ ay azat
T= twan T8 + ap o ow
nge g 2#*"“ -
+2x g—g%—f +2a9 %%—f +4a1( ) + 201 2 8z6t
o L o 2 20w 4 20, (22
fwardy  tway e (57 +dag (32)]
TG taafiBr tan (3 +ax(3)]
From Eqgs. (1.1) and (1.2)
o _
0z




The above equation implies that w is not a function of z. So either w is a function of ¢ or

constant. For uniform suction or blowing w is a constant i.e.

w=—Wp, (1.7)

where Wy > 0 corresponds to the suction velocity and Wy < 0 corresponds to blowing. From

Eq. (1.7) we have

2 2
—p + az(34)? gL g nge +ai (5 — Wogt)
2 2
T_ g sy —p + az(§2)? poL+ an (S — Wog)
ov ’
e+ Mo+ 2 2
” e P on ) (5974 (8)7)
a1 (Bzat WO ) o1 (g — Wogs) i

or

) D 0%u 0, 0%u 0%u
(divT), = =5 +rga tog (55— Wogs),
] 0%v o 0% 0%v
(divT) _5 gzt g (5~ Wogze)

wom, - vemven ()4 (2))

In scalar form Eq. (1.3) gives

[dV

Pl 20k x V 4+ Qk x (Qk x )| = pby + (divT),, (1.8)
[dV ~ .
p ra 120k x V + Qk x (Qk x1)| = pbiay + (divT), (1.9)
)
[dV o] _
ola ™t 20k x V 4+ Qk x (Qk x )| = pbi, + (divT), . (1.10)

With the help of Egs. (1.5), (1.6) and (1.7) we get

dVv ~ ou ou
p[d+29ka—|—Qkx(Qer)] —E—W()a—QQU,

T

dV ~ ov ov
[dt—i—QﬂkajLQkx(Qk:xr)] E—Wga——kﬁlu,

11



p %Hnngm@x(n@xr) _ 0.

z

So the Egs. (1.8), (1.9) and (1.10) now takes the form

ou ou _ 10p po*u o, u Pu
ov ov _10p | pd*v g, v v
10p
— =Py, 1.1
0=— 5+t (1.13)

where

Boundary Layer

Boundary layer is the region near a solid where the fluid motion is affected by the solid
boundary. In the bulk of the fluid the fluid is usually governed by the theory of ideal fluids.
By contrast, viscosity is important in the boundary layer. The field of flow in the case of fluids
of small/large viscosity can be divided , for the purpose of mathematical analysis, into two
region: the thin/thick boundary near the wall, in which friction must be taken into account,
and the region outside the boundary layer, where the forces due to friction are small and may
be neglected.

Boundary Layer Control

Several methods of controlling the boundary layer have been developed experimentally,
and also on the basis of theoretical consideration, i.e. suction and blowing, and presence of
magnetic field. The purpose of these method is to affect the whole flow in the desired direction
by influencing the structure of the boundary layer.

Perturbation

Perturbation theory appears in one of the oldest branches of mechanics i.e. Celestial me-
chanics. We know that planets exert gravitational forces on each other as a result their motion
is perturbed. Perturbation method is defined as a method which yields approximate solutions
for a small parameter ( or a large parameter) occurring in the given equation.

Example

12



Consider the Cauchy problem for the parabolic equation

Ut + €U = Ugy (1.14)

subject to the initial condition

u(z,0) = f(z), —o0o <z < o00. (1.15)

Taking

u(z,t) = e “o(x,t),

we have from Eq. (1.14)

Vg = Vgg, (1.15a)

u(z,0) = f(x).

We are interested in finding the solution using perturbation method. For that we write

u(z,t) = Zun(x,t)e”, (1.16)
n=0

Using Eq. (1.16) into Eq. (1.14) and (1.15), and then equating the coefficient of like power of

€ we get

8’&0 82u0
=0 _Z 2 1.1
ot Ox? 0 (1.17)
ou,  0%uy,
Tai v i (O O >0 (1.18)
with the following initial conditions
up(z,t) = 0, n>0. (1.20)

13



Putting

uo(x,t) = v(z,t), (1.21)

where v(z,t) is the solution of Eq. (1.15a) with initial condition v(z,0) = f(z), we conclude

that

up(z,t) = v(z,t), n>0 (1.22)

By mathematical induction we have

oun,  Pu,  (—t)"
T e e TG

(1.23)

and thus the perturbation solution is

u(z,t) = Z [(_t)nv(x,t)] " = Z (_d)nv(:u,t), (1.24)

or

u(z,t) = e “o(z,t),

or

u(z,t) = v(z,t) — etv(z, t) + o(€?). (1.25)

is the solution by using the perturbation method.
Laplace Transform

Let f(t) be a given function of ¢ then Laplace transformation is defined by

Lif®)] = f(p) /f “Pdt, p > 0.

Exponential order

A function f(t) is said to be of exponential order

14



F6)=o(e").

if there exist a real number M, a positive number b and a fixed finite positive value t¢ such that

for every t > tg

tlim |F(t)] < Me™.

Existence of Laplace transform

If the integral of f(t)e P! exists between the limit 0 to tg, for every finite positive tg and
f(t) is of exponential order then the Laplace transformation of f(t) exists i.e.

if

to
f(t)e Pldt, exists
0

and
F6)=o(e").

then for p > b, L [f(t)] exists.
Derivative of a Laplace transform

Suppose L [f(t)] exists andL [f(¢)] = f(p), then

Properties of Laplace transform

If
(1)

15



then for p > a,

(2) Let

exists for p > a, and if ‘a’ is a positive constant then

L{f(t—a)u(t—a)=e"f(p),
L{ft)u(t —a)] = e PLf(t +a)],

where u(t — a) is a Unit step function.

16



Chapter 2

Unsteady rotating boundary layer

flows of a Newtonian fluid

2.1

2.2

Introduction

In this chapter, the flow of a viscous fluid is studied between the two porous plates.
Both plates and the fluid are in a state of rigid body rotation. The Laplace transform
method of solution is used to find the solution. The work presented in this chapter
is review of a research paper by Mukherjee and Debnath [8]. The missing details of

mathematical calculations is incorporated.

The hydrodynamic problem

Let us consider the unsteady hydrodynamic flow within parallel plates at z = 0
and z = h. Initially, the whole system (fluid and porous plates) are in a rigid body
rotation with constant angular velocity € about the z—axis. After some instant
of time, plates at z = 0, and z = h, starts oscillating with frequencies w; and ws,
respectively. The hydrodynamic equation of motion and continuity in a rotating

frame are

1
%+(V.V)V+29xv+nx(er):b1+—dz’vT, (2.1)
p

17



divV = 0. (2.2)

In above equation, V = (u, v, w) is used for the velocity vector, ¢ for time and p

for the density. The expression of Cauchy stress T for a viscous fluid is
T = —pl + pAq, (2.3)

Here p is the pressure, I is the identity tensor, p is the coefficient of viscosity and

A is first Rivlin-Ericksen tensor which is given by
A, = (gradV) + (gradV)" . (2.4)
We define the velocity field as
V = [u(z,t), v(z,t), w(z,t)]. (2.5)
Using Eq. (2.5) in Eq. (2.2) we get
gf =0, (2.6)
which indicate that w is independent of z. Hence w is function of ¢ or w=constant.

w=—Wp. (2.7)

For uniformly porous plates where Wy > 0, corresponds to the suction velocity and
Wy < 0, corresponds to the injection (blowing) velocity. From Eqgs. (2.5) and (2.7),
we can write it as

V = [u(z,t), v(z,t), —Wy]. (2.8)

From Egs. (2.3), (2.4) and (2.8) we have

QxV=(-Qu, Qu, 0), (2.9)

18



Qx (2 xr)= (-2, —Q%, 0), (2.10)
ou ou ou

or Oy 0z

_ — ov ov ov
L =gradV = % % 8|

ow Jw Jw

ox dy 0z

0 &

— o)

=(00 2|, (2.11)
0

L"=(gradV)'=| 0 0 o0 |, (2.12)

o o0 &
Ai=L+L"=1 0 0o %], (2.13)
Bu (91) 0

0z Oz

divT = div (—pl 4+ pAq) .

With the help of Egs. (2.11)-(2.13) we can write

10 9*
) 19p 0%
(d'l'UT)y = —;87y U@, (215)
(divT), = —;gi, (2.16)

where v is the kinematic viscosity. Using Egs. (2.8) -(2.13), Eq. (2.1) in component

form gives
ou ou 10p 0%u
L Wh— —2Qu — Q2= £ B 2.1
ot Wo 0z v * p Oz v 022’ (2.17)
v v 10p 0%
W +2Qu — Q2 = =22 - 2.18
ot 08z+ “ Y p8y+U822’ (2.18)

19



10p
0=——2".
p Oz

Equation (2.19) shows that p is not a function of z. As

r? = 2%+,
SO
T = 5%(7“ ), y= 5%(7’ ),

ou ou _ Op” 0%u
o Wog, T HWE s T
ov ov op* 0%v
Y Whl L 90u — — i
gr ~ Wog, TR =T TG

where the modified pressure p* is

* b P2 2
==—-=0
P2

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

and Egs. (2.21) and (2.22) can be combined in absence of pressure gradient as

dq dq . 0%q
9 w9y 900 =00
gt~ Wog, T2lla=vgs,

where ¢ = u + iv.

The appropriate boundary conditions are

qg = U* (aei‘”lt + be*i“”t) —U,onz=0,1t>0,
qg = U” (ceiwﬁ + de_iwﬁ) —U, onz=h, t>0,

g = 0 for,0<z<h, t<O0,

Defining the dimensionless variables,

~2U" .
z= , =0t = —

v U+’

20

(2.24)

(2.25)
(2.26)

(2.27)



initial boundary value problem is given by

0%q 0q E 0q

— — —ibqg=—— <z<ht 2.2
az2+58z 1Eq 28t’0_2_ ,t >0, (2.28)
g = ae™?t 4 pe~imt e O E= 0, t >0, (2.29)
g = ce™?t 4 dem 2t e O E= I, t>0, (2.30)
g = 0for, 0<2<1, t<0, (2.31)

where
Wo 2Qv hv Wy
S:F7E:W7 :W,nr:ﬁ,T:1,2.

2.3 Solution of the initial-boundary value problem

The initial-boundary value problem defined by Eqgs. (2.28)-(2.31) is solved by Laplace transform
method. For that we define the Laplace transform of ¢(z,t) by g(z,p) as

d(zp) = / e Plg(z,t)dt, p> 0. (2.32)
0

Taking Laplace transform of Eq. (2.28) and conditions (2.29) - (2.31) we have

d*g dg E

S—2 _—(GE+ =p)g=0 2.33

a b U
q(z,p) p—in +p+in1 U’ on z =0, (2.34)

c d U
q(z,p) p—— + pting U on z =1, (2.35)
g(z,p) = 0on0<z<I[ p<O. (2.36)

The solution of Eq. (2.33) is

G(z,p) = €** [Acosh fz + Bsinh 3z], (2.37)

21



N

where a = —%, 8= H( 2E‘ ) +p} %} and A and B are arbitrary constants. Using condi-
tions (2.34) and (2.35) in Eq. (2.37) we have

a b U

A= — + — — ,

p—iny p4+ing  U*p
sh 31 b U 1 d U
p= bl e b U, 1 o c 4 U,
sinhpBl‘p—iny  p+ing U*p edsinhfBl'p—ing  p+ing U*p

Insertion of A and B in Eq. (2.37) yields

d(ep) = aeofz sinhiﬁ(l —2) N beo‘.z sinh.ﬁ(l —2)
p—1iny  sinh gl p+iny  sinh gl
ce®*=Dginh Bz de®*~Y sinh fz
p —ing sinh 8l = p+ ing sinh Gl
U |e**Dsinh Bz e* sinh B(l — 2)
" U*| p sinhBl p  sinhpl

(2.38)

The inverse Laplace transform of above equation will complete the solution of the problem. For

that we define inverse Laplace transform as

1 Y+i00 ’
gz t) = = / (=, p)dp.
Y

278 )y _iso
Substituting g(z,p) from Eq. (2.38) into above equation we can write

ae®* sinh B(1—=z) + be®? sinh B(1—z)
p—iny sinh Bl p+iny  sinh Bl

1 r—4100 a(z—1) ginh o(2=1) sinh "
q(z,t) = / 4-ce sinh 8z + de sinh Bz eP dp,
r

270 Jo oo p—ing sinhfl p+ing sinh Sl
U [ ex(z=1) sinh 8z e? sinh B(1—z)
U p sinhpl  p  sinhpl
or
q(z,t) =L+ 1+ Is+ Iy + Is + I, (239)
where

I 1 [ qe®* sinh B(1 — 2)
=

= ePldp,
21t Jy_joo P —iny  sinh Gl b

I i r+ico bea.z smhﬁ(l - Z) €ptdp,
21t Jy_joo P+ iny  sinh Gl

22



1 r+ico Loa(z—1) ginh ﬁZ

I3 = — Pl
7 9mi ). .o p—ing sinh Bl b
I4 _ i r—+ioco dea(zl—l) Si.nh Bz eptdp’
2wt J,_ine P+ ing sinh Gl
L= L r+ico 17 eoz—l) giph Bz ptdp,
218 S —ioo " U* p sinhfl
I L r+ico 2 0% Sinh'ﬁ(l —2) eptdp.
21t Jo_ioe U* P sinh Bl

Now we are interested in the solution of the integrals using complex variable theory. We consider

1 [T qe®® sinh B(1 — 2)
L =— Php. 2.40
' om r—ico P—iny  sinh gl e ap (2:40)

Here the integrand has a simple pole at p = injand the value of p for which sinhfl = 0, i.e.,

Bl = *%. The residue at p = iny, is aywhich is

(sinh A (1 — 2)
sinh A1l

az+ing

a; = ae (2.41)

and as is the residue at the pole when sinh3l = 0. By expansion formula

LI N Do) o
= G} - S e

where Q(p)has n distinct zeros «, we have

2, (1) drrae® M sinrm {(1— %)}

ag = — ‘ (2.43)
2 (5 g im)
and thus the integral I; gives
o0 TSV
I — aeaerimtbmh M(l—2) Z (=D 4rrae®* M sinrm {(1 — %)} (2.44)

2 272 .
sinh A1/ ] EI2 (S ;réle + 27'El72r -I-an)



On a similar pattern

_ oo SN~ 2) S () darbe i (1 )}

: (2.45)
sinh )\/ —1 EI2 (S2+41E + 2%‘[7;2 _ an)
Iy — con(=—Dtinat sinhApz i (—1)"dmrce =D=M gin(772) (2.46)
sinh Aal — EI2 <52+4zE + 275172r2 + 711)
sinh Al 7= B2 <52+4ZE + 2TEI72r - in1)
Iy = L gatensinb sz U S5 (Z1)rdmreat*D ¥ sin(*f) (2.48)
U~ sinh Al U* &= 21272 4 £ (S2 4 4iE)
Is = _Eeazw _v i (_1)r4m«e(az*>\t) s rm {(1 — %)} (2.49)
U sinh A3/ U — ' '

222 4 U (S2 4 4i )

24



Using the above values of integrals, Eq. (2.39) gives

Q(Z’t) =

in which

pazint sinh Ay (I — z)

ae sinh A1l
+be az—init sinh )‘1(1 B Z)
smh)\ l
a(z—1)+inat sinh )‘22
Hee Sinh Aol
_i_dea(zfl)fingt sinh )‘22
sinh Ayl
U a0 sinh Agz . sinh A3(l — z)
U* sinh A3l sinh A3l

i (—1)T47rraeaz+>‘t sin rm {(1 — %)}
EI2 (52;# + 2 zm)
B i (=) dmrbe* M sinrm {(1— %)}
El2 (32;# + 27;;2 — in1>
2, (—1)rdaree =D=Mt sin(17%)
_; B (52+4zE PP +m1)
i (—1)"dmrdez—H=X sin("5%)
e R )

U X (—1) dmredz=D— gin(r72)

U~  2r2n2 + % (S? + 44F)
U & (—1)”47r1“e(°‘2_/\t) sinrw {(1— %)} (2.50)
U —~ 2r2n2 + L ° (S? + 4E) ’ .
= 3 [S?+2E(2+n,)]%, r=1,2,
1 1
= 5 [S?+2iE(2 —n,)]?, r=1,2,
1 1
= 5 [52 + 4’LE] 2
_ (S*+4E N 2127
B 2F ER )
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For S # 0, it is noted that

lim lim ¢(z,t) = lim lim q(z,t).

t—00 Nyr—2 Ny t—00

The steady state solution consists of multiple boundary layers of thickness of the orders in case

of suction as

v v
5 — ]_,3, s :O’
rEre) " T MY g
Y (r = 2,3) Y onz=1
U (% —ay)’ U (R —ab) ’
where
a, = L_{S4+4E2(2+n)2}%+52-%
T 2\/5_ T | )
1 r 1 13
b, = —— [{S*+4E*2+n,)%)2 — 5%,
2\/5{ + (+n)} |
/ 1 i 2 213 2'%
= — |{S*+4E%*2—n,)?}? + 52|,
a, 2\/5{ + (2—n,)%}% + |
1 T 1 13
¥ = —— [{S*+4E*2—n,)%)2 — 5?7,
r 2\/5{ + ( n)} |
1 7 1 3
= — [(S*+16E%)? + 52
as 2\/5( + ) + } )
b LMt 4 1682)2 52%
v = g 5 eR)” - 5]

Now S = —S1, S1 > 0, corresponds to injection on the plate at z = I, A, = a, +ib,, \. = al.+ib,
(r =1,2) and A3 = az + ib3. For wy = 2Q (ng = 2), it is found that boundary condition when
I — oo is not satisfied and this difficulty has been removed by considering the hydromagnetic

problem in the next section.
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2.4 The hydromagnetic problem

This section deals the problem considered in the section (1.3) in the presence of a constant

applied magnetic field By parallel to the z-axis. The equation of motion now is

oA 1 1
S TV.V)V 420XV 4+ Qx (@ x1) = —;V}H— ;J x B4+ 0vV?V, (2.52)

where %J x B, is the Lorentz force. B is total magnetic field so that B = By 4+ b, J is the

current density, b is the induced magnetic field and by Ohm’s Law
J=0(E+V xB).

The Maxwell’s equations are

divB = 0, (2.53a)
curlB = pJ, (2.53b)
0B
E = —— 2.53
cur 5 (2.53¢)

where (1, is the magnetic permeability, E is the electric field and o is the electrically conductivity
of the fluid. For small magnetic Reynold’s number, the induced magnetic field is neglected and

thus

11xB = nv,

o
n* = ——B2

The non dimensional boundary layer equation in the hydromagnetic case is given by

92 .0
994 5% (nyiE)g=

EO
— 0<z2z<[l,t>0 2.54
022 Oz 2 s25h t>0 ( )

9q
ot’
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with the following boundary and initial conditions

| . 0
q(z,t) = ae™! 4 peMmt e onz= 0, t >0,

q(z,t) = ce™t de M2t — onz=1t>0,

Fa
qg(z,t) = 0,0<z<[, t<0

where n = %, ne =g, r=1,2.
The Eq. (2.54) together with the above conditions can be solved by Laplace transform

method. Thus using the similar procedure as in section (1.3) we have

ae®? sinhn(l—z)
p—iny  sinhnl

be®? sinhn(l—z)

+ p+iny  sinhnl

1 r—+100 (==1) sinh dec(z=1 sinh "
_ (=) sinh nz a(z—l) sinhnz D
q(z’t) - 271-1/ . +C;fin2 sinh?ﬂ + §+i’n2 sinh?]l € dp’
e U {eo‘(z—l) sinhnz 22 sinhn(l—z)}
U* P sinh nl D sinh nl
or
q(zt) =T + I3 + I3 + 17 + I5 + Ig, (2.55)
where
1 r+100 az inhn(l —
= e I 2) gy, (2.56)
T8 Jr—ioo P —%n1  sinhnl
1 r+100 be®? inhn(l —
I = 97 © - = .77( ?) ePdp, (2.57)
T8 Jr—ioo P+%n1  sinhnl
1 r+ioco . a(z—1) o h
o b [ et D 259
T Jr—ico P — N2 SINNT)
1 4100 d a(z=1) o h
Iy = i ‘ : Sl.n nzeptdpa (2.59)
T Jr—ioo P+ ing sinhnl
e 1 r+ico U ez ginh nz Pl (2.60)
> 7210 Ju_iw U* p sinhyl b ’
1 r+100 U e® ginhn(l —
[é" — T 7*6 wemdp (2.61)
T4 Jr—ioo U* D sinh nl
where )
we S _ (52—|—4iE—|—4n)+ E]?
- 2 an - 2E p 2 9
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Consider
1 r4100 az inhn(l —
Jr— ac™ sinh(l=2) iy, (2.62)
21t J,_ioe P—iny  sinhnl

In order to evaluate the integral appearing in above equation we use residue theorem.. The
integrand has a simple pole at p = in;. This implies n = p;, and another simple pole occurs
where sinhnl = 0, i.e. nl = =F. Residue at p = iny, is a; which is

~ ocz—l—znltSlnh Ml(l B Z)

_ 2.63
ar=ae sinh pu,{ (2:63)

and as is the residue at the pole when sinhnl = 0. This implies that

2.2 2 ; .
p=-0= —(27'E;2r + £ +4215+4”). By expansion formula

~1 [ L(p) } - L(ar)
1 art
—L = ; et (2.64)
{ Q(p) Tzl Q' (o)
where Q(p) has n distinct zeros «,. The residue is

2, (—1)rdmrae® Ot sinrm { (1 — %)}

ag = — E - ) (2.65)
—~ g2 <52+422§+4n n 2rE2l72r2 —H'nl)
and the integral I gives
o0 8t
It = geostimt sinh p; (I — z) Z 1) dnrae®* Ot sinrr {(1— %)} . (2.66)

sinh p;1

2 2.2 .
— E (s +4zg+4n + 2%17; + an)

Similarly evaluation of the integrals in Eq. (2.55) has been made using the residue theorem

and are given by

~Jn

_ peti— ingeSinh gy (0 —2) i (—1) 4mrbec> =0t sinrr {(1 — 2)} 267

I2 hi'l S2 4 4iF44 2,2 ’
sin Ml r=1 El2 ( +Z§1E+ L + 2rE172r — inl)
. —1)—6t
Ij = cenletrinat S0 A2 i () dmree? 0 o) : (2.74)
sinh gyl — EI2 <s2+z§zEE+4n + 2TE2[72F2 4 ml)
)6t
I _ geo(=0- mﬁM i (—1)r47r7"dea(z ) SHl(erZ) ’ (2.75)
sinh fip! — EI2 (Sz+z§zg+4n + 222[752 _ ml)
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Y ea(Z*Z)M U i (1) dmrex(z=D-dt sin(722)

Ig:_i 2.2 2 2 R
— 29272 + L (S2 + 4iE + 4n)’

2.
u sinh gl U* 4 (2.76)

o0

i - —1)"4 (az—0t) o 1_z
—ueazw_ﬂz( ) 4mre 51nr7r{( l)}

2.2 2 2 . (277)
2r27m2 + 5 (5% + 4iE + 4n)

* : -
u sinh p! U* ~

Using the above values of integrals, Eq. (2.55) yields

aeaz‘*‘mltw
sinh p;(
Lpeas—ime S (L~ 2)
sinh “1l
+inyt 100 152
sinh p9!

q(z,t) =

+cez0)

et —inat S 137
sinh iyl
U | az—iysinh gz o Sinh s (1 — 2)
e : . .
sinh i3 sinh N3l

—1)"4nrae®* % sinrr { (1-2

_Z 9 [ S24-4iE4+4n | 2r2x2
El ( Lk )

+ EI2 +Z’I’Ll

. (—1)"4rrbe®* % sin rw{ _ %)}
‘= EI2 (SQ+421§+47L 4 zglgg m1)
= (_1)T47TTCGO‘(Z 1)—ot Sln(rﬂz)

_Z S244iE+4 22
r=1 El2 ( +21E+ L) 272

+ EI2 +’L7’Ll

- (_1)T477Td€ a(z—1l)—At Sln(rﬂ-z)

R ; El? (Sz+42’g+4n 27272 )
)

iz i
U X (1) dree =00 sin (172
v TE—:l 2272 + b (52 + 4iE + 4n)
U & (_1)1“47”«6(0%751‘/) sinrr {(1 _ %)}
U 2%x2 4+ 5 (S? + 4iE + 4n)

(2.78)
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where

1 1

/’LT e 5 [S +4TL+2ZE(2+TLT)]2 ,T:1,2,
1 1

wp = [P+ 2B@ -0 r =12,

- 1 1

A3 = 2[8 +42E+4n]2

5 — s+ 4iE +4n  2r372

N 2F EIl2

We note that Eq. (2.78) gives the unsteady rotating flow of a viscous fluid between the two
porous plates. The flow is strongly dependent upon suction and blowing velocities. The un-
steady flow (2.78) is sum of the steady and transient parts. The boundary layer thicknesses in

case of suction for this flow are of the order of

e T Y Ty
U*(‘S;—CT)7 (r = 2,3), U*(S;—C’Q)’ on z=1
[y = ¢ +idy, p, = ¢, +id, (r=1,2) pg = c3 +ids, with
1 r 1 13
o = ﬁ-{(S2+4n)2+4E2(2+nr)2}2+(52+4n)_ ,
d, = 2\1/§:{(S2+4n)2+4E2(2+nr)2}%—(52+4n):é,
d = 2\1/§:{(52+4n)2+4E2(2—nr)2}é+(S2—|—4n):é,
d. = 2\1/§:{(S2+4n)2+4E2(2—nr)2}é—(S2+4n):é,
c3 = 2\1/§:{(5’2+4n)2+16E2}$+(S2+4n)}é,
d3 = 2\1/§:{(5’2—1—4n)+16E2};—(52—1-471)]%;

It is noted that expression (2.78) is meaningful solution valid for all values of the frequencies

including the resonant frequency. The solution (2.78) satisfies the boundary condition for
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resonant case (w = 2€2) which is distinct feature from the hydrodynamic problem when | — oo.
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Chapter 3

Unsteady flow of a second grade

fluid between two plates

3.1 Introduction

An analytic solution of the time dependent equation is obtained for the flow between two
porous plates executing oscillations with different frequencies. The fluid considered is second
grade and electrically conducting. A pressure gradient of the oscillating type is also imposed.
The obtained analytical solution described the flow at large and small times. The solutions
depend on the suction and injection velocities, frequencies, magnetic parameter and material

constant of a second grade fluid.

3.2 Problem formulation

An incompressible second grade fluid filling the space between two porous plates is considered.
The z-axis is perpendicular to the plates and the upper and lower plates are given at z = 0,
and z = h, respectively. Both plates and fluid are in a state of rigid body rotation. The
flow is induced due to oscillations of the plates and imposed oscillating pressure gradient. The
governing boundary layer equations can be written from Eqs (1.11) and (1.12) as

dq dq 9%q &q 9%q

— —Wo—=+ 2% +n)g=v-— +a(m *W0$

T 5% 952 ) + a1e™ 4 bre= (3.1)

33



with the following initial and boundary conditions

. . U

q = ae™ fpemmt e O E= 0, t >0,

q = cemt et e o E= I, t>0,
. . U

q = cemtpdem 2t e On A= I, t>0,

where ¢ = u + iv. Introducing the dimensionless parameters

2U* ~
,t=Qt, = —,
v q U+

/Z'\:

equation (3.1) and conditions (3.2) become of the following form

&q Pq v ¢, Oq Edq . int int
9.2 +a1(8228t - U—QS@) +S£ =55 +iEq+nqg+ aie™ +bie ",
g = ae™?! 4 peimt _ e o E= 0, t >0,

. . U
q = ce™ 4 dem 2t e O E= I, t>0,
q = ce™tdemm2t e o E= I, t>0,
where
2Qu Wy Wo
E = W’nT_ﬁ’r:1,2'S_W7
Q U*? hv
v = s v2= g o =owy, o

3.3 Analytical solution

Let us define the Laplace transform of ¢(z,t) as

4(z,p) = / ¢ Plg(z,)dt, p > 0.
0
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With the use of above definition, the governing problem in p-plane becomes

0%q 0% Jdg FE ay by
1 — = S— S— =—pg+iEqg+ng
( +pa1)8z2 93 09, T pPIt? Q+nq+p—in+p+in’
a b U
q(z, = — + — — , onz=0,
a(zp) p—iny p+ing  U*p
4(2p) c . d U I
z, = - — — , on z =1,
%P p—ing p+ing U*p
g(z,p) = 0on0<z<I[ p<O.

(3.5a)

(3.5b)

(3.5¢)

We are interested in finding a perturbation solution taking « as a small parameter and thus

write

7=7qy+ag, +o(a?).

(3.5d)

Making use of Eq. (3.5d) into Eq (3.5) and conditions (3.5a)-(3.5¢) and then equating the

coefficients of like powers of a we obtain

Zeroth order system

d*qy | ddo E a1 by
— +S5— E
dz2+ dz —(n+i +2p) p—in+p+in
a b U
Go(z, = — + — — , onz=0,
Go(2p) p—iny p+ing  U*p
4oz ) c . d U I
2, = ; — — , on z2 =1,
ol%,P p—ingy p+ing U*p
Go(z,p) = 0on0<2z<I, p<O.
First order system
dqu + SdQI ( + B + E ) dzq() + U1 d q
padlch | n-i _p 40 1 g™ 40
dz2 7 dz QP = TP dz?
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qi(z,p) = 0, onz=0, (3.7a)
q,(z,p) = 0, onz=1, (3.7b)

qi(z,p) = 0,0n0<z<I[, p<O. (3.7c)

We note that zeroth order problem is identical to the problem discussed in chapter 2. In order

to avoid repetition we only write the solution directly which is

aeaz

sinhn(l — z) n be** sinhn(l — z)

Go(zp) = p—iny sinhnl p+iny sinhnl

ce®@Dsinhnz  de®*= sinhnz

p —ing sinhnl  p4ing sinhnl
U D ginhnz e sinhn(l — 2)
U* p  sinhnl D sinh nl

1 <a160‘2 ) sinhn(l — 2) N 1 ( bie™* > sinhn(l — z)

% p—in k p+in sinh nl

k sinh nl k
_’_1 a1e®=D\ sinhnz n 1 b1e®==1\ sinhnz
E\ p—in sinhnl kK \ p+in | sinhnl
1 al b1
—= . 3.8
k(p—in+p+in> (38)

For finding gp we have to invert g, and thus define

1 y-+ioco .
aolz.1) / (2 p)dp. (3.9)
Y

211 00

Substituting Eq. (3.8) into Eq. (3.9) and then using the procedure of chapter 2 for the evaluation
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of integrals we arrive at

qo(z,t)

eaz+in1tSinh Ml(l B Z) + beaz—inltSinh Mll (l — Z)

“ sinh p1 sinh 441
_'_Cea(zfl)Jringt sinh Haz + dea(zfl)fingt sinh Hoz
sinh g5l sinh ,u;l
I sinhpy(I — 2)  a1e®* *Msinha(l — 2)
aie —
! k1 sinh 4l A+in sinh ol
Ly e0zint sinh (I — 2z)  b1e®* "t sinh a(l — 2)
e J—
! K} sinh 4y A—in sinh ol
g e D it sinh 1,2 arelez=A0+int ginh oz
aie —
! k1 sinh pi,l A+in sinh ol
+b a(z—1l)—int sinh MZLZ bl e(ocz—int)—int sinh az
€ T, . .
! K} sinh p1,1 A—in sinh ol
ale—)\t aleint b16_>‘t bleint

At Tk A K
2 ea(z—l) Si'nh M3z 4+ e Sinh.:LLS(l — Z)
sinh pi5! sinh p151

B i (—1)"4rrae® Ot sinrn {(1 — %)}

2 1 2.2 .
= B (SR 208 iy )

>, (—1)rdrrbe®* Otsinrr {(1 — %)}

- Z 2 ; 2.2 .
— B2 (S +‘§’§+4n + QZ{QF —iny

X (=1)"drrcer(z=h-dt sin("7%)
— EI2 <52+1§Zg+4n n 2%217;2 +m1)
>0 (—1)T47rrdea(z_l)_)‘t sin(”lr—z)

B Z 2 ; 2.2 .
— B2 (S +Z§’g+4n + QTE;QT - m1>

B i (—=1)rdmra;e®* Otsinrr {(1 — %)}
=1 koEIl? <52+1§ig+4n + 27;;52 + ”L)
)

> (- Troq —Otginrw - F
Z( )rdmrbie®  sinrm {(1 - §)}

2 ; 2.2 .
ot ]ﬂgElz (S +4§Zg+4n + 2r2g2 in

EIl?
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> (—1)7"47r7"a160‘('z*l)*5tsin(%)
_ ; ho L2 <52+4§iEE+4n + 2rE2l72r2 n m)
> (—1)’"47r7’b160‘('z’l)’)‘tsin(%)
=1 ko El? (5”‘55*4” + 2TE2;§2 — m)

U X (—1) drrex(z=D-dt sin(™7%)

U* <= 27272 + L (S2 4+ 4iE + 4n)

U X (D) dmrel@ = sinrr {(1 - %)}

U&= 2272 4 U (S2 4 4iE +4n)

(3.10)

Our next job is to solve first order system. For that we have to calculate second and third order

derivatives of g,. Using the resulting second and third order derivatives into Eq. (3.7) we get.

(a? +n?)e** sinhn(l — 2)

—2ame®® coshn(l — z)
(@? + 1?)e*=D sinh 7z

(=5 + 5rna)
p—ing pting —1-2047]60‘@4) cosh nz
(2 4+ 7?)e==D sinh nz )
d*q, dq, _ —p U +2ame®*= coshnz
d2+Sd7_ q1 = inh i “TUp
z smnn (a2 + 772)eozz sinhn(l _ Z)
—2ame®® coshn(l — z) )
1/ a by (a? +n?)e** sinhn(l — 2)
f(p—in p+in)

—2amne®* coshn(l — z)
(2 4 1n?)e==D sinh nz

+2ame®*=D coshnz
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(a® + 3am?)e®* sinhn(l — 2)

(5% + 57ir)
p—iny  pting —(301217 + 773)60‘2 coshn(l — z)

(@3 + 3an?)e* D sinh 2z

(i + m
T PR L (3 4 32n)eD coshnz
(o + 3an?)e**=D sinh 5z
028 v +(a® + 3an?)e* D coshyz
vy sinh gl

(3.11)
(a3 + 3am?)e®* sinhn(l — z)

—(a® 4 3an?)e** coshn(l — 2)
(a + 3an?)e®* sinhn(l — 2)

(m o)
o e —(3a2n + n*)e* coshn(l — 2)

(o 4 3an?)e**=D sinh nz

* (G2 +
p—in = p+in +(773 + 3a2n)€a(z_l) coshnz

The above equation is non-homogeneous, second order ordinary differential equation. The

general solution can be written as

61(21p> :qlc(zvp) +qlp(zap)> (312)

where

G1.(z,p) = €** [Acoshnz + Bsinhnz],
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and

qlp(’z’p)

2+ 2
e [ e
= Ti
p—ini © pting +aze® sinhn(l — z)
2(0?+1?) a(z—1)
Hm + 1) et e
p—ing | pting +aze®=D sinh nz
(
(@ 4 7P)ze D cosh
p U +az€0¢(2_1) Sinh nz
sinh 7l urp _%:772)6&2 coshn(l — 2)
_|_
\ +aze®* sinhn(l — z)
2, 2
Lo 4 by _Z(aTn)eaz coshn(l — z)
K\p—i ‘
p—in ' p+in +aze*® sinh n(l - Z)
z(a?+1n?) =l
%( a4 b ) Tea(z ) cosh nz
p—in pt+in +Otzeo¢(zfl) sinh Nz
» = _%30”72)@“ coshn(l — z)
p—ing - pting _'_Meaz sinh 77([ - Z)
2(a+3an?) La(z—1) g
zlavroan”) . coshnz
(o + ) o
+%ea(271) sinhnz
%75]”0”72)6&(24) coshnz
L wS U 250 o1 sinhpe
vy sinh ! Ute —%jaﬂeaz coshn(l — z)
+
202H30%) gz ginh (1 — 7)

+
z a3 3a 2 az

L ai_y by — e cosh(l - 2)

P _1_%@0‘2 sinhn(l — z)

Mea(zil)

1 a1 by 2
K( + ) +wea(z—l)

coshnz

sinh 9z
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We can also write Eq. (3.12) as

q,(z,p) = e**[Acoshnz+ Bsinhnz]

b
(p—%nl

~ sinh nl

\

p—in

+ 5 (G5 +

p—in

(=

+(=5

p—ing

v1 sinh nl

in which 7 = 1[92 4 4k]"/?

pt+iny

1/ a1 b1
+K( + p+in

pt+in

+ b1 ) 2n

—z(a®+1%)
) o
+aze**sinhn(l — z)

22417 (a1
d_) et

e** coshn(l — z)

coshnz

+aze®*D ginh nz

2(0422;‘!7‘772) (=) cogh nz

a(z—1)

+aze sinh nz

7z(0¢22n+772)604z COShn(l . Z)

+aze**sinhn(l — z) )

2 2
) —72(0‘2:" ) %% cosh n(l — z)
+aze** sinhn(l — z)

202 4n?) La(z—1)

by ) T coshnz

+aze®=D sinh nz

—z(a®+3an?) e

b_) 21

p+ini +z(772+3a2)
2

coshn(l — z)

e**sinhn(l — z)
z(a3+3an?)

d 2n
+ p+in2) 2(772+3a2)
TV

ez coshnz

e ginh nz

e 3007) (o)
2n

+ Z(n242r3a2) ec(z=1)

coshnz

sinh nz
—2z(a3+3an?)
+ 2
2 2
42”4307 ;30‘ ) 9% ginh n(l — z)

—z(a34+3an?)

e** coshn(l — z)

e*? coshn(l — z)

+7Z(n2§3a2) e sinhn(l — z)
2(a®+3am?)

by ) 2n
+ z(n2;3a2) ea(z=1)

e®==) coshnz

sinh nz
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,and k = [n +1iE + %p] and A and B are arbitrary constants.



With the use of conditions (3.7a)- (3.7b) we get

and

P
e sinh? Al

. wS
v1e*! sinhnl

A == 07
b N2+ ol
(p—%’m + p+in1) 2n <
p(e oy d o
p—ing pting 1
+al sinh nl
L % cosh nl + al sinh nl
U*p Meal
2n
1 bi \He2+n?) al
_?(pglin + p+1m) 2 ¢
1(a247?)
T . o
p—in © ptin +ad sinh !
b WaP+3an?) ol
_(pjm + erinl) { 2 ¢ }
I(a®+3an?)
+(¢ T R o
p—ing pting _i_w sinh 77l
% cosh nl
2
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For the solution of the above integrals, we use complex variable theory. These integrals are
evaluated using a similar procedure as in chapter-2. Thus using residue theorem we can get

from Eq. (3.14) as
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and blowing solution can be obtained by replacing S with —S.

3.4 Summary and Conclusion

The flow due to oscillating porous plates and imposed pressure gradient is studied in the pres-
ence of a transverse magnetic field. The analytic solution for hydromagnetic flow of a second
grade fluid in a rotating frame of reference is given by taking material parameter as a per-
turbation parameter. The exact solutions for the steady and transient states are obtained.
It is shown that the transient effects decay much in the presence of magnetic field and the
steady state is achieved earlier when compared to hydrodynamic case. The inclusion of the

non-Newtonian characteristics along with considering the case of suction (or injection) reveal
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interesting phenomena. It is found in second grade fluid that steady asymptotic solutions are

possible for all values of frequencies including the resonant frequency for suction (or injection).
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