Discrete Mathematics

Sequences and Sums

Sequences and Progressions

m Summation and its linearity

Evaluating Sums

Evaluating Sums - Proofs without words

Geometric Sums
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Evaluating Sums

m Given a summation find a closed form formula to evaluate it

a. n(n+1)
le = 142+4+...4+n = =5
1=
n
Y2 = 244+...4+2n = n(n+1)
i=1
n +1)(2n+1)
2 = 124224 ... 4n? _ nln

& 6
=3 3., 93 3 n(n+1))?
Z:l/ = 1°+2°+...+n = (T)
1=

n

M 2i—1 = 1+3+...+2n—-1 = n?

i=1

We will derive some of these sums using proofs without words
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Evaluating Sums
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ROMAN NUMERALS
=1 Xi=u

I =1 =2 Xi=12
V=5 =3  Xill=13
X =10 Iv=4 XiVv=14
_ V=5 XV=1s

L =so VI=6  XVI-16
C =100 | yjy=7 xvi=17
D =500 | Vii=8 Xvii=18
_ IX=9  XIX=19
M =1000 oo yiom
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Evaluating Sums

MDCIX + MCVI =7
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ROMAN NUMERALS
=1 Xi=u

I =1 =2 Xi=12
V=5 =3  Xill=13
X =10 Iv=4 XiVv=14
_ V=5 XV=1s

L =so VI=6  XVI-16
C =100 | yjy=7 xvi=17
D =500 | Vii=8 Xvii=18
_ IX=9  XIX=19
M =1000 oo yiom
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Evaluating Sums

ROMAN NUMERALS 1
I=1 Xi=11
1 =1 ll=2  Xi=12 N 160
V=5 =3  Xu=13 110
=10 V=4 XiVv=14
f =50 V=s XV=15 2 7 1
- VI=6  XVI=16
€ =100 | yy=7 xvi=vz
D =500 | Vii=8 Xvii=18
_ IX=9  XiX=19
m X=10 XX=20
MDCIX + MCVI =7
o>« = E T 9ac
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Evaluating Sums

MDCIX + MCVI =7
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ROMAN NUMERALS

=1 Xl=u

I =1 =2 Xi=12
V =5 =3 Xi=13
X =10 Iv=4 XiVv=14
_ V=5  XV=15

L =s0 VI=6  XVI=16
C =100 | yjy=7 xvi=17
D =500 | Vii=8 Xvii=18
_ IX=9  XIX=19
M =1000 oo yyose

The genius of positional number system

Muhammad ibn Musa al-Khwarizmi
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Evaluating Sums

n

Evaluate T, = Zi =142434+...4n—-24n—1+n
i=1
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Evaluating Sums

n

Evaluate T, = Zi =142434+...4n—-24n—1+n
i=1

T, is the number of red balls
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Evaluating Sums

n

Evaluate T, = Zi =142434+...4n—-24n—1+n

i=1

T, is the number of red balls

T, : nth triangular number
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Evaluating Sums

n
Evaluate T, = Zi =142434+...4n—24+n—1+n
i=1
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Evaluating Sums

n
Evaluate T, = Zi =142434+...4n—24+n—1+n
i=1

Double the number of balls, 2T,
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Evaluating Sums

S s
+e e
+eeee

on+1

+4444+
R

f & &8 g & g &g

n+1ln+1

—
~
©




Evaluating Sums

rectangular grid n x (n+ 1)

S 3 3 3 3 3 3
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Evaluating Sums

rectangular grid n x (n+ 1)

number of balls = 2T,
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Evaluating Sums

rectangular grid n x (n+ 1)

number of balls = 2T,

= 2T, = n(n+1)
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Evaluating Sums

rectangular grid n x (n+ 1)

number of balls = 2T,

= 2T, = n(n+1)
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Triangular number

To = 1424...4n—1+n
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Triangular number

T, = 1+24+...4+n—1+n
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Square Numbers

Tn—l ! Tn ! I
1 n—1 1 n
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Square Numbers
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Square Numbers

T
~
l__l
~

n2
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Evaluate Op:=) (2i—1) = 14+3+5+...+(2n—1)
i=1




1+3+5+...+(2n—-1)

1)

(2i

n
i=1

Op =

Evaluate




Sum of Odd Numbers

Evaluate Op:=) (2i—1) = 14+3+5+...+(2n—1)
i=1

1+3




Sum of Odd Numbers

Evaluate Op:=) (2i—1) = 14+3+5+...+(2n—1)
i=1

1+3+5
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Sum of Odd Numbers

Evaluate Op:=) (2i—1) = 14+3+5+...+(2n—1)
i=1

14+3+5+7




Sum of Odd Numbers

Evaluate O,,::Z(2i—1):1-|—3+5—|-...-|—(2n—1)
i=1

1+34+5+7+4+9
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Sum of Odd Numbers

Evaluate O,,::Z(2i—1):1-|—3+5—|—...-|—(2n—1)
i=1

14+3+5+7+9+11
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Sum of Odd Numbers

Evaluate O,,::Z(2i—1):1-|—3+5—|—...-|—(2n—1)
i=1

14+3+5+7+9+11=236
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Square Numbers

I72 = Tn + Tha
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Sum of Odd Numbers
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Square Numbers
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Square Numbers
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1

Sequences and Sums

3 56 7 9 11
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Sum of Squares and Cubes

and

n
S, = ZF = 12422432+, 4 n?
i=1

Evaluate sum of squares and sum of cubes of first n positive integers

P42 434+ .40
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Sum of Squares

Evaluate sum of squares and of first n positive integers

n
S, = ZF = 12422432+, 4 n?
i=1

12 42

°+$+@+

12422 4 32 4 42
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Sum of Squares: Application

Evaluate sum of squares and of first n positive integers

N

-
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Sum of Squares: Application

n

Zi2:

Evaluate sum of squares and of first n positive integers
i=1

= 12422432 4+... 41
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Sum of Squares: Application

Evaluate sum of squares and of first n positive integers

n
S, = Ziz = 124224324+ ... 4n?
=1

source: wikipedia
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Sum of Cubes

Evaluate C, = 13423 4+33 4+ ... +1°
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Evaluate C, = 13423433 +... +n°

*
+
*
*
+
+
.
*
*
+
*
+
*
*
+
*
+
+
.
-
*
+
*

L A R R
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Evaluate C, = 13423433 +... +n°

Area of the square: (T,_1)?

R R R R R R R R R R R R R R R R R R RN
L A R R

R R R R R R 22
+ 44 + 4 + 4
+ 44 + 4 + 4
L 2 o 2 + 4+
+ 44 + 4
>4+ +* 4+
*+ e +4
>4+ +* 4+
+ 4+ +4
+ 44 + 4
>4+ +* 4
+ 44 + 4
- g
Vo
Tn—l
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Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?

Add n rows and n columns

IMDAD ULLAH KHAN (LUMS)
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Tn—l
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*eee e
*4 e
R R
PR RS
*4ee

A o
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Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?

Add n rows and n columns

R R 2 2 SR SR A 2
R R R R R R

+ee e |
—_

+ee e

* 4+
440

*
+
*
*
*
+
*
*
+
+
.
*
*
+
*
+
*
*
+
*
+
+
.
-
*
+
*

R R R R R R R R R R R R R R R R R R R R R R R R R
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A 2
L R R e 2
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A o
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PR R R R R R R R R AR
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Evaluate C, = 13423433 +... +n°

Ty

A\

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (T,)?

R R 2 2 SR SR A 2
R R R R R R

-
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R R R R R R R R R R R R R R R R R R R R R R R R R

L R R e 2
PR R R AR R R R R R R
A
R R R A A R R R R A
A o
AR R R R R RS
PR R R R R R R R R AR
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Evaluate C, = 13423433 +... +n°

Ty

A\

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (T,)?

R R 2 2 SR SR A 2
R R R R R R R R

Area of new region:

-
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AR R 2
PR R R AR R R R R R R
A
R R R A A R R R R A
A
AR RS R R R RS
PR R R R R R R R R R
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Evaluate C, = 13423433 +... +n°

Ty

A\

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (T,)?

R R 2 2 SR SR A 2
R R R R R R R R

Area of new region:

-

= (Tn)2 - (Tn—l)2
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R R R R R R R R R R R R R R R R R R R R R R R R R R

AR R 2
PR R R AR R R R R R R
A
R R R A A R R R R A
A
AR RS R R R RS
PR R R R R R R R R R
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Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (T,)?

R R 2 2 SR SR A 2
R R R R R R R R

Area of new region:

= (Tn)2 - (Tn—l)2
=n-Th_1+n-T,

R R R R R R R R R R R R R R R R R R R R R R R R R R
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AR R 2
PR R R AR R R R R R R
A
R R R A A R R R R A
PR R R AR R R R R R R R
A
AR RS R R R RS
PR R R R R R R R R R
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Sum of Cubes
Evaluate C, = 134+23+3%+ ... 4+n

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (Tn)2

Area of new region:

= (Tn)2 - (Tn—l)2

=n-Th1+n-T,
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Sum of Cubes
Evaluate C, = 134+23+3%+ ... 4+n

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (Tn)2

Area of new region:

= (Tn)2 - (Tn—l)2

=n-Th1+n-T,

= n( T,,,l —+ Tn)
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Sum of Cubes
Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (Tn)2
Area of new region:
= (Ta)® = (Taa)?
=nNn- Tn_1+n' Tn

= n( T,,,l —+ Tn)
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Sum of Cubes
Evaluate C, = 134+23+3%+ ... 4+n

Area of old square: (T,_1)?
Add n rows and n columns

Area of the new square: (Tn)2
Area of new region:
= (Ta)® = (Taa)?

=n-Th1+n-T,
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Sum of Cubes
Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?

Area of the new square: (T,)?

Area of new region:

= (Tn)2 - (Tn—l)2 =n’
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Sum of Cubes
Evaluate C, = 13423433 +... +n°

Area of old square: (T,_1)?

Area of the new square: (T,)?

Area of new region:
= (Tn)2 - (Tn—l)2 =’

— (T’ =(Th1)’ + 1
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Sum of Cubes

4

= 134234334 .

Cn

Evaluate

)2 =+ n3 T,

( 770)2 = ( Th-1

o™
<
I_I
(9]
~—~
T
<
[
N—r
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Sum of Cubes

4

= 134234334 .

Cn

Evaluate

( 770)2 = ( Th-1

(Tnfl)2 + '73

™
<
+
™
—~
—
_
<
N—r
+
IS
~
q
S
.
N—r

33/1
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Sum of Cubes

Evaluate C, = 13423433 +... +n°

(Tn)2 = (Tn—l)2 +n
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Sum of Cubes

Evaluate C, = 13423433 +... +n°

(Tn)2 = (Tn—l)2 +n
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Sum of Cubes

Evaluate C, = 13423433 +... +n°

(Tn)2 = (Tn—l)2 +n

= (Ta3)?+(n=2P3+(n—-1P3+0

= B34+2854.. . (n—13%+0n°
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Sum of Cubes

Evaluate

B422 4. (n—1)>+n = (T,)?
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