Discrete Mathematics

Sequences and Sums

Sequences and Progressions

m Summation and its linearity

Evaluating Sums

Evaluating Sums - Proofs without words

Geometric Sums

IMDAD ULLAH KHAN
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Evaluating Sums

Given a summation find a closed form formula to evaluate it

A formula involving lower and upper limits only, to output value of the sum

n

For instance what is the value (in terms of n) of " /7
i=1
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Evaluating Sums

n
Evaluate T, := Zi = 142434+...4n—24n—1+n
=1

n+1
- n+1
n+1 B
14243 + ooen + (n=2)+(n—1)+n
m Each pair sums upton+1
m Number of pairs is n/2 > Think about n odd/even
n(n+1
. e}
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Evaluating Sums

n

Evaluate T, := Zi = 1424+34+...4n—24+n—1+n
i=1

An alternative way to evaluate T,

T, = 1 + 2 + ... + n—-1 + n
T, = n + n—1 + + 2 + 1
2T, = | n+1 4+ n+1 + ... + n+1 + n+1

_n(n+1)
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Evaluating Sums

Evaluate E, := 24+4+6+...+2(n—2)+2(n—1)+2n

This is
i=1

By linearity of summation

n
E,=2) i=2T, = 2@ = n(n+1)
i=1
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Square Numbers

We express square numbers in terms of T,
2 _
n© = T,+ Th_1

This can be easily verified as

n(n+1)+(n—1)n _

T+ Tho1 = 5 5
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Sum of odd numbers

Evaluate

22:—1 = 1+4+3+5+...+(2n—-3)+(2n—1)

By linearity of summation

n n
1
Op=12)i=> 1=2T,—n= Qw—n = n(n+1)—n
i=1 i=1

Op = 1434+5+...4+42(n—2)—1+2(n—1)—1+2n—1 = n?
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Sum of odd numbers

We got Opn:=1+3+...42n—-34+2n—1 = n?
n n—1
Our earlier expression: n = Tp+ Thq = Z i+ Zi
i=1 i=1
Tn Tn—l

Op = 1+42...+(n—1)+n + 1+2...+(n—=2)+(n—1)

Another way to look at this is

Th1 1 + 2 + 3 4+ 4 + 5
T. |1 + 2 + 3 4+ 4 + 5 + 6
O |1 + 3 4+ 5 + 7 + 9 + 11
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Sum of squares and cubes

Evaluate sum of squares and sum of cubes of first n positive integers

n
S, = ZF = 124224324+, 4 n?
i=1

and

C, = Zi3 = 134284334+ 417
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Sum of Squares

Evaluate

IMDAD ULLAH KHAN (LUMS) Sequences and Sums



Sum of Squares

(a+1)P° = a2 +3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1
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Sum of Squares

(a+1)P° = a2 +3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1
2 = (1+1P® = 1¥ 4+ 3.1 + 3-1 + 1
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Sum of Squares

(a+1)P° = a2 +3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1
2 = (1+1P® = 1¥ 4+ 3.1 + 3-1 + 1
3= (2+1P3 = 22 + 3.22 + 32 + 1
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Sum of Squares

(a+1)> = a>+3a°+3a+1

B = (0+17° = 02 + 3-0° +
2 = (1413 = 1¥ + 3-12 +
3 = 2+1P% = 22 4+ 3.22 ¢
43 = (3413 = 3 4+ 3-3 +

IMDAD ULLAH KHAN (LUMS) Sequences and Sums

wWw W W W
+ + 4+

W N = O



Sum of Squares

(a+1)> = a>+3a°+3a+1

¥ = (0+1)7
2 = (1+1)
P = (241
43 = (34+1)
(n —|— 13 = (n+ 1)?

03
13
23
33

+ o+ o+ o+
W W W W

. 02
.12
.92
.32

+ 4+ + 4

+

W W W W
w N = O

+ + 4+

+

—_ = =
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Sum of Squares

(a+1)> = a>+3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1
2 = (1+1P® = 1¥ 4+ 3.1 + 3-1 + 1
3= (2+1P3 = 22 + 3.22 + 32 + 1
£# = B+1)PF = 3 + 3.3 + 33 + 1

n+1P = (n+1? = n% + 30> + 3:n + 1
2
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Sum of Squares

(a+1)> = a>+3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1
2 = (1+1P® = 1¥ 4+ 3.1 + 3-1 + 1
3= (2+1P3 = 22 + 3.22 + 32 + 1
£# = B+1)PF = 3 + 3.3 + 33 + 1
n+1P = (n+1? = n% + 30> + 3:n + 1
2 2 (i+1) =
i=0
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Sum of Squares

(a+1)> = a>+3a°+3a+1

1 = (0+1)? 02 + 3-0° + 3:0 + 1

2 = (1+1)3 B o+ 312 + 31 + 1

3 = (2+1) 22+ 3-22 + 3-2 + 1

42 = (3+1) 3 0+ 33 + 3-3 + 1

(n+132 = (n+1)» n + 3-n2 + 3-n + 1

3 S+1)2 =33 + 3> + 30+ n+l
1=0 =0 =0 =0
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Sum of Squares

(a+1)> = a>+3a°+3a+1

B o= (0+12 = 0 + 3:0° + 3-0 + 1

2 = (1+1P® = 1¥ 4+ 3.1 + 3-1 + 1

3= 2+1P3 = 22 + 322 + 32 + 1

£#4 = B+1)PF = 3 + 3.3 + 33 + 1

n+172 = n+1? = n® + 302 + 3.-n + 1

3 S+1)2 =33 + 3> +3> 0+ n+l
1=0 =0 =0 =0
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Sum of Squares

n n n n
S (i+1)3 = YB3 +3 % +3% 0 +n+l
1=0 1=0 1=0 1=0
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Sum of Squares

n n n n
S (i +1)3 = YB3 +3N % +3Y 0 +n+l
i=0 i=0 i=0 i=0
n+1 n n n
S8 = YB3 4332 4+33 0 +n+1
i=1 i=1 i=0 i=0
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Sum of Squares

n n n n

(i+1)3 =S B3 +332+3Yi+n+1
1=0 1=0 1=0 1=0
n+1 n n n
L = Y P +332 430+ n+1
=1 1=1 1=0 1=0

n n n n
S+ m+1)3 =33 332 £330 +ntl
1=1 1=1 1=0 1=0
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Sum of Squares

n n n
(i41)3 = YB3 +33 2 +33i+n+1
i=0 i=0 i=0 i=0
n+1 n n
i3 = B+ 3+ 30 +n+l
i=1 i=1 i=0 i=0
STL n

n n
S+ 337 +3% 0 +n+l
1=0 1=0

S
—
=
o
+
E)
+
—_
T
I
S .
w
—

n

= 35, =3) * = (n+1*-3> i—(n+1)
i=1 i=0

= S5, = Ziz = (n+1)(n+Y2)n =
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Sum of Cubes

n
Evaluate Coi= > i3 =13428433 4. . +08
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Important Sums

P _ n(n+1)
le = 1+2+...+n = 25~
1=
n
2 = 244+...42n = n(n+1)
i=1
. n(n+1)(2n+1)
2 = 124224+ ... 4n? =
Z 6
3 3. 93 3 n(n+1))?
le = 1°42°+...4+n = (T>
1=
n
Y 2i—1 = 143+...42n—-1 = n?
i=1
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Evaluating Sums

Evaluate the following sum in terms of appropriate variables
n

> 2(i— 1)

i=3

Let j=7—1, we get

R S
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Evaluating Sums

Evaluate the following sum in terms of appropriate variables

1 1 k 2
nz_:k3n3 =3y n*=3> n* = 3(@)

n=k n=1

IMDAD ULLAH KHAN (LUMS) Sequences and Sums



Evaluating Sums

Evaluate the following sum in terms of appropriate variables
ICP 7-9 ST (K% +2k +1)
k=1

m

ICP 7-10 3i3 4 42
>

i=1
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Telescoping Sum

Let {a;} be a sequence. Evaluate

n
E dj+1 — 4
i=0

n
E dj41 — daj
i=0

= (a1 —ao) + (a2 —a1) + (a3 — a2) + - + (an — an—1) + (an+1 — an)
= (ar — a0) + (a2 — 21) + (a3 — a2) + -+ + (an — an-1) + (an+1 — an)
= (a1 —a0) + (37— 21) + (99 — 22) + - - + (87 — 25=1) + (an41 — 27)

= an+1 — 40

IMDAD ULLAH KHAN (LUMS) Sequences and Sums 29/30



Telescoping Sum

" 1
Evaluat §:7
valuate — k(k—|—1)

>
[y
3

N I AN
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