Discrete Mathematics

Set Theory

m Sets: Definition, Universal Set, Complement, Cardinality
m Subset and Power Set

Sets Operations

Set Equality

Characteristic Vectors: Sets as Bit-Vectors

m Multisets

IMDAD ULLAH KHAN

IMDAD ULLAH KHAN (LUMS) Set Theory 1/18



Set Equality using Identities

Two sets are equal if and only if they have the same elements )

A=B means Vx(x€ A<+ x€B)

m To prove two sets A and B to be equal
m Start with one set (say A) and replace it with an equal set

m These established equalities between sets are called “set identities”

Continue doing this until we get the set B

IMDAD ULLAH KHAN (LUMS) Set Theory 2/18



Set ldentities

Identity Name

AUD = A Identity Laws
ANU = A

AN =10 Domination Laws
AUuU = U

AUA = A Idempotent Laws
ANA = A
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Set ldentities

Identity Name

AUB = BUA

ANB = BNA

(AUB)UC = AU(BUCQ)
(AnNB)NC = An(BN ()
AN(BUC) = (AnB)U(ANC)
AUu(BNC) = (AUB)N(AUC(C)

Commutative Laws

Associative Laws

Distributive Laws
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Set ldentities

Identity Name

W = A Double Complement Law
Aué = Vv Complement Laws
ANA =1

AUB = éﬂE De Morgan's Laws
ANB = AUB
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Set ldentities: Demonstration

U = {1,2,3,4,5,6} A = {2,3,5} B = {2,3,4} J
m B = {1,5,6}
m A= {1,4,6}
.ﬁ = {27375}
m AUA = {1,2,3,4,5,6}
m ANA = {}
=] 5 = E £ DA
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Set ldentities: Demonstration

U = {1,2,3,4,5,6} A = {2,3,5} B = {2,3,4} )
m B = {1,5,6} m ANB = {2,3}
m A = {1,4,6} m AUB = {2,3,4,5}
= (A) = {2,3,5} m ANB = {1,4,5,6}
m AUA = {1,2,3,4,5,6) m AUB = {1,4,5,6}
m ANA = {} = AUB = {1,6}
m ANB = {1,6}
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Set ldentities: Demonstration

U = {1,2,3,4,5,6} A = {2,3,5} B = {2,3,4} )
m B = {1,5,6} m ANB = {2,3}
m A = {1,4,6} m AUB = {2,3,4,5}
= (A) = {2,3,5} m ANB = {1,4,5,6}
m AUA = {1,2,3,4,5,6) m AUB = {1,4,5,6}
m ANA = {} = AUB = {1,6}
s AnNB = {1,6}

= |ICP 4-23 B=7

BN
m|ICP4-24 | BUB=7

= [ICP 425 | (B)=7
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Set Equalities using ldentities

Show using set identities that }

AUBUC = AnBNnC
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Set Equalities using Identities

Show using set identities that

AUBUC = AnBNnC

LHS = AuBUC
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Set Equalities using Identities

Show using set identities that

AUBUC = AnBNnC
LHS = AUBUC

ANn(BUC)

DeMorgan's Law
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Set Equalities using Identities

Show using set identities that

AUBUC = AnBNnC

LHS = AUBUC
= An(BUC) DeMorgan's Law
= ANn(BnC) DeMorgan's Law
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Set Equalities using Identities

Show using set identities that

AUBUC = AnBNnC

LHS = AUBUC
= AN(BUC)
= An(BnC)
= AnBNnC
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Set Equalities using Identities

Show using set identities that

AUBUC = AnBNnC

LHS = AUBUC
= AN(BUC)
= An(BnC)
= AnBNnC
= RHS
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Set Equalities using Membership Table

Two sets are equal if and only if they have the same elements J

A=B means Vx(x€ A<+ x€B)

m To prove two sets A and B to be equal
m We directly prove the above definition of equality

m For every element x € U, we prove that it is either both in A and B
or none of them

m When A and B are defined in terms of sets operations on other sets,
every element x € U means all types of elements
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

U

A

e

B

| element type | A | B | C |
T 1 1 1
xo 1 1 0
. 3 1 0 1
T4 11010
Ts5 0 1 1
T6 0 1 0
x7 0 0 1
s 00| O
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

[N eNeNeR S
oo, OO~RFIWm
O, OrFrORF O RIIN
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

[A[B[C[BUC] | | | |
T[1]1
110
101
100
0|11
0f1]0
0|01
000
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

[A[B[C[BUC] | | | |
T[1]1] 1
1]1]0] 1
1]o]1] 1
1{ofo| o
0o[1]1] 1
0|1]0]| 1
ojo|1] 1
0ojojo] o
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

|A|B|C|BuUC| An(BUC) | \ \ \
1111 1
11170 1
11011 1
11010 0
011 1
0]1]0 1
0101 1
0]0]0 0
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

|A|B|C|BuUC| An(BUC) | ANB | \ \
17171 1 1
1110 1 1
11011 1 1
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0|11 1 0
0| 11]0 1 0
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

| C | BuUC| An(BUC) | ANB | \ \

LA] B

T[1]1
110
101
100
0|11
0f1]0
0|01
000

1

O R H MO K =

B
1
1
1
0
0
0
0
0

1

[l Moo ol
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

| C|BUC| An(BUC) | AnB | AnC | |

LA] B

T[1]1
110
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0|11
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000
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O R H MO K =
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Set Equalities using Membership Table

Prove using membership table that AN(BUC) = (ANB)U(ANC) J

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

|A|B|C|[BUC| An(BUC) [ AnB | AnC | |
111 1 1 1 1
110 1 1 1 0
1101 1 1 0 1
110|0 0 0 0 0
011 1 0 0 0
0110 1 0 0 0
0101 1 0 0 0
000 0 0 0 0
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Set Equalities using Membership Table

Prove using membership table that

AN(BUC) = (ANB)U(ANC) |

m For very element x € U there are exactly 8 possibilities based on it's
membership (denoted by 0/1) in some combination of A, B, and C

|A|B|C|BUC| An(BUC) [ AnB | AnC | (AnB)U(ANC) |
111 1 1 1 1 1
110 1 1 1 0 1
1101 1 1 0 1 1
110|0 0 0 0 0 0
011 1 0 0 0 0
0110 1 0 0 0 0
0101 1 0 0 0 0
000 0 0 0 0 0

For each type of element in U the entries in red columns are the same
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C )
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Set Equalities using Membership Table

Prove using membership table that

(A\C)U(B\C) = (AUB)\C |

OO OOk RFRFID>
OO EMHOORRIL
O O OF OF|[O0O
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Set Equalities using Membership Table

Prove using membership table that

(A\C)U(B\C) = (AUB)\C |

jave] |

C
1
0
1
0
1
0
1
0

OO OOk R
OO KMHOORRIIL
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Set Equalities using Membership Table

Prove using membership table that

(A\C)U(B\C) = (AUB)\C |

[Alelclac] | | |
1[1]1] 0
110 1
1]o|1] o
100 1
0|11 o0
o|1/0] o0
0|01 o0
0jo0/0] o
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Set Equalities using Membership Table

Prove using membership table that

(A\C)U(B\C) = (AUB)\C |

[Alelclac]Brc| | | |
1[1]1] 0
110 1
1]o|1] o
100 1
0|11 o0
o|1/0] o0
0|01 o0
0jo0/0] o
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C )

OO, P, OO KW

[a\c[B\C| | | |

OO OOk RFRFID>

u}
)
I
il
it
5
Pl

IMDAD ULLAH KHAN (LUMS) Set Theory



Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C )

OO, P, OO KW

| A\C | B\C| (A\O)u(B\O) | | |
0 0

C
1
0
1
0
1
0
1
0

OO OOk RFRFID>
OO OO+ O
OO OO O

u}
)
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C J

OO, P, OO KW

| A\C | B\C| (A\O)u(B\O) | | |
0 0 0

C
1
0
1
0
1
0
1
0

OO OO, RFRHID>
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C J

OO, P, OO KW

| A\C | B\C| (A\CQ)U(B\C) | AUB | |
0 0 0

C
1
0
1
0
1
0
1
0

OO OO, RFRHID>
OO OO RO
OO OO O
OO R OO

u}
)
I
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it
5
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C J

Al B|clAa\c|B\C|((A\OQuU(B\C) | AUB | |
1]1]1] o 0 0 1
110 1 1 1 1
10|10 0 0 1
100 1 0 1 1
0|1|1] 0 0 0 1
0|10 0 1 1 1
0|0 |1] 0 0 0 0
0|00 0 0 0 0
=] = = = = 9Dac
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C J

|A|lB|clAa\c|B\Cc|@A\QuU(B\C) | AUB | (AUB)\C |
1]1]1] o 0 0 1
1|10 1 1 1 1
1/0[1] o0 0 0 1
100 1 0 1 1
ol1/1] 0 0 0 1
0(1/0 0 1 1 1
0o/0|1]| 0 0 0 0
0,010 0 0 0 0
=] = = = = 9Dac
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Set Equalities using Membership Table

Prove using membership table that

(A\C)U(B\C) = (AUB)\C |

| A\C | B\C| (A\CQ)U(B\C) | AUB | (AUB)\C |

C
1
0
1
0
1
0
1
0

OO OO RFRHID>
OO KMHOORRIIL

0

[N eNeoNell =R

0

[Nl S oloNoll

0

OO O OR

1

1
1
1
1
1
0
0

OO L O OFHO
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Set Equalities using Membership Table

Prove using membership table that (A\ C)U(B\C) = (AUB)\C J

|AlB|clA\c|B\c|@A\QuU(B\C) | AUB | (AUB)\C |
1[1]1] o 0 0 1 0
1(1/0] 1 1 1 1 1
1/0[1] 0 0 0 1 0
1/0[0] 1 0 1 1 1
0j1(1] 0 0 0 1 0
0|1](0] O 1 1 1 1
0j0(1] 0 0 0 0 0
0/0|0] O 0 0 0 0
=] = = = = 9Dac
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Set Equalities using Logical Equivalence

Two sets are equal if and only if they have the same elements )

A=B means Vx(x€ A<+ x€B)
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Set Equalities using Logical Equivalence

Two sets are equal if and only if they have the same elements J

A=B means Vx(x€ A<+ x€B)

m To prove two sets R and S to be equal

m Prove that the membership predicate of R is logically equivalent to
the membership predicate of S

m Recall the membership predicate decides whether or not x is in a set

m When the two membership predicates are logically equivalent, for any
x they will either both be True or both be False

We get that Vx (x € R <> x € S) is true
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Set Equalities using Logical Equivalence

Prove using logical equivalences that AN(BUC) = (ANB)U(AN C)J
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Set Equalities using Logical Equivalence
Prove using logical equivalences that

xeAN(BUCQ)

AN(BUC) = (ANB)U(ANC) |

> LHS
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Set Equalities using Logical Equivalence
Prove using logical equivalences that

xeAN(BUCQ)

=xe€AAxe(BUC)

AN(BUC) = (ANB)U(ANC) |

> LHS

> Intersection
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Set Equalities using Logical Equivalence
Prove using logical equivalences that
xeAN(BUCQ)

=xe€AAxe(BUC)

=xe€AN(xeBVxe()

AN(BUC) = (ANB)U(ANC) |

> LHS

> Intersection

> Union
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Set Equalities using Logical Equivalence

Prove using logical equivalences that AN(BUC) = (ANB)U(AN C)J

x e AN(BUC) > LHS
=xcAAxe(BUC) > Intersection
=xe€AN(xeBVxe() > Union
=(xcAAxeB)V(xeAAnxe () > Distributive Law

=} 5 - = £ DA
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Set Equality using Subset Relations

Two sets R and S areequalif RC Sand SCR J
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Set Equality using Subset Relations

Two sets R and S areequalif RC Sand SCR

To prove R=S

Prove R C S and
Prove SC R

By the above definition we get that R =S
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Set Equality using Subset Relations

Proving using subset relations that (AUC)NB = BU(CNA) J
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Set Equality using Subset Relations

Proving using subset relations that

(AUC)NB = BU(CnA)
(XCY)A(YCX) = X

=Y
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Set Equality using Subset Relations
Proving using subset relations that

First show that

(AUC)NB = BU(CNA)
(XCY)A(YCX) = X=Y
[1](AUC)NB C BU(CNA)
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Set Equality using Subset Relations

Proving using subset relations that (AUC)NB = BU(CNA)

(XCYIA(YCTX) = X=Y

First show that

[1](AUC)NB C BU(CNA)

Next show that

[2]BU(CNA) C (AUC)NB
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
Prove: if x€ (AUC)N B, then x € BU(CNA)
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
Prove: if x€ (AUC)N B, then x € BU(CNA)

xe(AUC)NB

IMDAD ULLAH KHAN (LUMS) Set Theory



Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
Prove: if x€ (AUC)N B, then x € BU(CNA)

xe(AUC)NB
x¢(AUC)NB
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
Prove: if x€ (AUC)N B, then x € BU(CNA)
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )
Prove: if x€ (AUC)N B, then x € BU(CNA)

;

x¢ B XEE _
xe BU(CNA)
xe(AUC)NB
x¢ (AUC)NB

u}
)
I
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it
«
)
)
€
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB J
Prove: if x€ (AUC)N B, then x € BU(CNA)

;

< ¢ B x€B
x € BU(CNA)
xe(AUC)NB
x¢ (AUC)NB x¢ANx ¢ C
x¢ (AU C)

\
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB )

IMDAD ULLAH KHAN (LUMS) Set Theory
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Set Equality using Subset Relations

We need to prove that

[1](AUC)NB Cc BU(CnA) [2]BU(CnA) c (AUC)NB J

ICP-4-27 |Prove [2 |: if x e BU(CNA), then x € (AUC)N B

( x¢ B
xe(AUC)NB

x € BU(CNA) x¢ CAx¢A
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Set Equality

m Equality of two sets can be proved using

m Algebraic Rules (Set Identities)
m Set Membership Tables

Logical Equivalence of membership predicates

By proving bidirectional subset relationships
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